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m Let G = (E, V) be a multigraph.
m The edge e = uv has two directions: (u, v) and (v, u).
m (e, u,v) denotes the edge e oriented from u to v.

m The two orientations of e are denoted e and e. Note that
we do not know which one is which.

m We define E = {e,u,v) | e €E uveV. e=uv}. Thus E
is the set of all oriented edges.

™ Letf?gg. ThenF:{Elzeé}. Note that E = E.
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Oriented Edges

mletX,Y C Vand !? C g Now we define
F(X,Y) = {(e,x,y) cFlxeXyeY;xz? y}.

m Thus f?(X,Y) is all the edges in f?that go from something in
X to something in Y.

m Also, r:(v) E l?(v, V)= I?({v} AVD.

m Thus I?(v) is all the edges in F coming out of the vertex v.

m Note that any Ioogs at verticeiv € XNY areignored by
the definitions of F(X,Y) and F(v).
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Circulations

m Let X,Y C Vand let H be an abelian group.
m Given a function f : E — H, let f(X,Y) = > fe)

CEEXY)
m We call f a circulation on G (with values in H) if it
satisfies: -
(F1) f(e,u,v) = -f(e,v,u)forall (e,u,v) € E withu # v; and
(F2) f(v,V)=0forallve V.
m If X C V, note that (F1) implies that f(X, X) = 0, and that
(F2) implies that f(X, V) = 0.
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Proposition Maul and Corollary Gon-far

Proposition (Maul)
If f is a circulation, then (X, X) = O for every set X C V.

Proof.
fX. X) = f(X,V)-f(X,X)=0-0=0.

Corollary (Gon-far)
If f is a circulation and e = uv is a bridge in G, then
f(e,u,v) = 0.
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Group-valued Flows

m If f are g are both circulations on G with values in H, then
(f + g)(e) = f(€) + g(e) and (-f)(€) = -(f(e)) are also
circulations. So we have a group.

m If f : E — His a circulation such that f(e)z Oforalle € E,
then f is a H-flow.

m By Corollary Gon-far, a graph with a H-flow cannot have a
bridge.
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not on H itself.

Theorem (Tutte 1954)

For every multigraph G there exists a polynomial P such that, for
any finite abelian group H, the number of H-flows on G is
P(|H| - 1).
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Proof of Theorem: Part 1

Let 6 = (V, E); we use induction on m = |E]|. If all the edges of

G are loops, then every map E — H\ {0} is an H-flow on 6.
There are (|H| - 1)™ such maps, and hence P = x™.
Now assume that there is some edge, eg = uv that is not a loop.
Let e = (eg,u,v) and E’ = E\ {eg}. We consider the
multigraphs

61 = G-eo and 62 = G/eo.

By the induction hypothesis, there are polynomials P; such that
the number of H-flows on G; is P;(k), where k = |H| - 1. We
shall prove that P, - Py is the polynomial we desire.
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Proof of Theorem: Part 2

Let F be the set of all H-flows on 6. We are trying to show that
[F| = Pa(k) - P1(Kk). (1)

The H-flows on G; are the restrictions to g’ of the H-circulations
on G that are zero only on eq. The set of these circulations on 6
is denoted Fy. Then |F;| = Py(k).

We want to show that the H-flows on G, are the H-circulations
on G that are zero nowhere except possibly on eq. The set of
these circulations on G is denoted F,. Then |F,| = P2(k).
Furthermore, F, is the disjoint union of F; and F, and hence (1)
is true.



Proof of Theorem: Part 3

In G,, let vg be the vertex made when eg is contracted.



Proof of Theorem: Part 3

In G,, let vg be the vertex made when eg is contracted. We are
looking for a bijection f — g between F, and the set of H-flows

in 62.



Proof of Theorem: Part 3

In G,, let vg be the vertex made when eg is contracted. We are
looking for a bijection f — g between F, and the set of H-flows

in G,. Given f € F;, let g be the restriction of f to g’\g’(v, u).



Proof of Theorem: Part 3

In G,, let vg be the vertex made when eg is contracted. We are
looking for a bijection f — g between F, and the set oi H-flows
in G,. Given f € F5, let g be the restriction of f to E’\E’(v, u).
As the u-v edges e € E’ become loops in G,, they have only
the one orientation (e, v, vo) and we choose f(e, u, V) as its
g-value.



Proof of Theorem: Part 3

In G,, let vg be the vertex made when eg is contracted. We are
looking for a bijection f — g between F, and the set oi H-flows
in G,. Given f € F5, let g be the restriction of f to E’\E’(v, u).
As the u-v edges e € E’ become loops in G,, they have only
the one orientation (e, v, vo) and we choose f(e, u, V) as its
g-value. Then g is indeed an H-flow on G, — note that (F2)
holds at vg by Proposition Maul for &, with X = {u, v}.
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Proof of Theorem: Part 4

It remains to show that f — g is a bijection. If we are given an
H-flow g on G, we try to find a f € F, such that f — g. We
know that f(e) = g(e) for all € € E’\E’(v, u). Also, (F1) shows
that f(e) = -f(e) for all € € E’(v,u). Thus f — g s a bijection if
and only if (for given g) there is a unique way to define the
values of f(ep) and f(ep) so that f satisfies (F1) in eg and (F2)
inuandv.
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Now f(ep) is already determined by (F2) for u and the known
values of f(e) for edges e at u, while f(&) is already
determined by (F2) for v and the known values of f(e) for edges
eatv.Leth= Y f(€)andlet V' = V\{u,v}. Then (F2) wil

CeE(uv)
hold for f if and only if O = f(u, V) = f(eg) + h + f(u, V') and
0= f(v,V) = f(ég) - h+ f(v, V'). That is, if and only if we set
f(ep) = -f(u, V') - h and f(ep) = -f(v, V') + h.
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Proof of Theorem: Part 6

Defining f(eg) and f(€o) in this way also satisfies (F1), as
f(eo) + f(€o) = -f(u, V') - f(v, V") = -g(vo, V") = O by (F2) for g at
vo- O

This polynomial is known as the flow polynomial of G. Like
the chromatic polynomial, it is a special case of the Tutte
polynomial, the study of which is LTS.
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k-flows

m Let k be an integer and let G = (V, E) be a multigraph.

m A Z-flow on 6 such that O < |f(e)| < kforalle € E is called
a k-flow.

m We are interested in the least k such that G has a k-flow.

m We call this k the flow number of G and denote it ¢(5).

m If G has no k-flow for any k (K, for example), we say
¢(6) = .
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Theorem (Tutte 1950)
A multigraph admits a k-flow if and only if it admits a Z-flow.

Trivially, a graph has a 1-flow if and only if it has no edges.

Proposition
A graph has a 2-flow if and only if all its degrees are even.

A graph is even if all its vertices have even degree.
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Results about k-flows: Part 2

Proposition
A cubic graph has a 3-flow if and only if it is bipartite.

For odd n > 1, we have ¢(Ky,) = 2. Also, ¢(Kz) = e and
0(Kq) = 4.

Proposition

For all evenn > 4, p(Ky) = 3.

Proposition

(i) A graph has a 4-flow if and only if it the union of two even
subgraphs.

(i) A cubic graph has a 4-flow if and only if it is 3-edge
colourable.
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Tutte’s flow conjectures

Conjecture (Tutte 1972)

Every multigraph without a cut consisting of exactly one or
exactly three edges has a 3-flow.

Conjecture (Tutte 1966)

Every bridgeless multigraph not containing the Petersen graph
as a minor has a 4-flow.

Conjecture (Tutte 1954)
Every bridgeless multigraph has a 5-flow.
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The current pinnacle

Theorem (Seymour 1981)
Every bridgeless graph has a 6-flow.

Proof.
Exercise.
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Flows in Networks

m Let G = (V, E) be a multigraph with two fixed vertices: s
(the sauce) and t (the sink).
mletc:E— 7' U {0} be a map, called a capacity function.
m A network is a quadruple N = (G, s, T, ).
m A function f : E — Ris a flow if it satisfies (F1) and
(F2’) f(v,V)=0forallv e \1\ {s, 1}; and
(F3) f(e) < c(e)foralle € E.
m If the image of f is a subset of Z, then f is integral.
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Cuts

m LetfbeaflowinN. If S C Vissuchthats € Sandt € S,
we call the pair (S, S) a cut in N.

Proposition (Deanna)
Every cut (S, S) in N satisfies (S, S) = (s, V).
m The common value of (S, S) in Proposition Deanna is
denoted by |f| and called the total value of f.

m By (F3) we have |F| = f(S, S) < ¢(S, S). Hence the total
value of a flow in N is never larger than the smallest
capacity of a cut.

m This bound is always met by some flow.



Ford & Fulkerson 1956

Theorem (Ford & Fulkerson 1956)
In every network, the maximum total value of a flow equals the
minimum capacity of a cut.

Proof.
LTS O



